Contacts involving partial slip are commonly found at the interfaces formed by mechanical components. However, most theoretical investigations of partial slip are limited to homogeneous materials. This work proposes a novel and fast method for partial-slip contact involving a material with an inhomogeneity based on the equivalent inclusion method, where the inhomogeneity is replaced by an inclusion with properly chosen eigenstrains. The stress and displacement fields due to eigenstrains are formulated based on the half-space inclusion solutions recently derived by the authors and solved with a three-dimensional fast Fourier transform algorithm. The effectiveness and accuracy of the proposed method is demonstrated by comparing its solutions with those from the finite element method. The partial slip contact between an elastic ball and an elastic half space containing a cuboidal inhomogeneity is further investigated. A number of in-depth parametric studies are performed for the cuboidal inhomogeneity with different sizes and at different locations. The results reveal that the contact behavior of the inhomogeneous material is more strongly influenced by the inhomogeneity when it is closer to the contact center and when its size is larger.
Introduction
When two elastic bodies are brought into contact without sliding, due to friction, their surface deformations do not always match each other at every contact location. Assuming that the shear traction does not exceed the "limiting value" determined by the localized Amonton's law of friction, some portions of the contact area may stick, while others may slip. The relative slip may cause surface failures in such areas [1, 2] .
Analytical solutions for partial-slip contacts of the same materials were first obtained by Cattaneo [3] and Mindlin [4] for tangential loading problems and Lubkin [5] and Deresiewicz [6] for torsional loading problems. When two contacting materials are dissimilar, the shear traction in the contacting surfaces perturbs the pressure distribution. By considering the coupling effects between the pressure and the shear tractions, Spence [7, 8] studied the problem of a rigid flat-ended punch in contact with an elastic body. Nowell et al. [9] investigated the contact between a cylinder and a flat. Further, Nowell and Hills [10] explored partial slip of two-dimensional layered materials. Due to the rapid development of computing power, partial slip can be simulated by means of the finite element method (FEM) [11, 12] and the boundary element method [13, 14] . However, these full numerical methods are time consuming, and the grids in the contact area may not be fine enough to get accurate solutions, which is especially true for three-dimensional (3D) problems. On the other hand, semianalytical methods (SAMs) provide fast algorithms to solve contact problems, due to the use of influence coefficients and the fast Fourier transform (FFT) technique [15] . Chen and Wang [16, 17] used a SAM model to investigate the three-dimensional partial slip contact for the same or dissimilar materials. Using a similar approach, partial slip contact of three-dimensional layered materials [18] and torsional contact [19] were studied. Furthermore, several numerical fretting contact models were developed [20] [21] [22] [23] [24] when considering the loading and unloading effects on contact characteristics.
On the other hand, many researchers experimentally studied partial slip and fretting [25] [26] [27] [28] [29] [30] . Ovcharenko et al. [26] found that junction growth (i.e., the phenomenon of increasing contact area during tangential loading) is not radially symmetric and is larger at the leading edge of the contact. Cai et al. [30] found radial ripples in the torsional contact of dissimilar material pairs and observed deep plowing along the peripheral direction in that of identical materials. The fretting wear behavior of identical materials in contact is different from that of dissimilar materials.
The studies mentioned above were limited to homogeneous materials. The contact may be complex when material inhomogeneity is considered. Theoretically, an inhomogeneity can be replaced by an inclusion accompanied with properly chosen eigenstrains. This method is named the equivalent inclusion method (EIM) [31, 32] . The entire stress and displacement fields are the superposition of solutions for a homogeneous material and the perturbed solutions caused by the inhomogeneity. Using the EIM, Leroux and Nélias [33] studied the partial slip problems of a half space containing several cylindrical inhomogeneities. In their numerical approach, the computational domain needed to be extended and the surface mesh should be fine enough to capture accurately the perturbed displacements. It is worth mentioning that the analytical solutions for surface displacements due to a cuboidal inclusion with uniform plastic strains were derived in Refs. [34] and [35] . However, the assumption of incompressibility of the plastic volume was adopted and the authors did not provide general solutions for arbitrary values of eigenstrains. Recently, Liu et al. [36] derived the analytical eigenfield solutions and developed a fast and accurate method to solve for the stresses and displacements caused by a cuboidal inclusion with uniform eigenstrains. Further, a simple method with parallel strategies was introduced [37] . In present study, the eigenstrain calculation in the EIM of the present partial-slip analysis follows the approach reported in Refs. [38] and [39] , while the calculations of perturbed 1 stresses and surface displacements due to the eigenstrains are based on the analytical results presented by Liu et al. [36] .
Theory and Description
The contact problem of an elastic sphere and a half space containing a cuboid inhomogeneity is illustrated in Fig. 1 . The frictional contact assumes a constant friction coefficient l f . The sphere is under normal load W and tangential load F x , and the latter is smaller than the limiting friction value determined by the Amonton's friction law (i.e., F x < l f W). The partial-slip contact model is formulated as follows [1] :
(1) In the stick region, shear traction is always below the limiting value determined by the Amonton's friction law, and the slip distance between the two mating points equals zero. (2) In the slip region, shear traction equals the limiting value determined by the localized Amonton's friction law, and the slip distance between the two mating points is relatively small compared to the contact dimension. Because no global slip motion is established, kinetic friction is not considered. (3) The direction of the shear traction must be opposite to the slip direction. (4) The surface displacements at the partial-slip contact can be described by the following system of equations: , and C uz p are influence coefficients, and the explicit expressions of these predetermined influence coefficients can be found in Chen and Wang [16] .
The surface perturbed displacement,ũ i , due to the inhomogeneity is given as follows [36] : [36] . In the present study, the computational region is meshed into several cuboidal elements of the same size, and each cuboid is assumed to have uniform eigenstrains. Further, Eq. (4) can be written in a matrix form as follows: 
The related influence coefficients D ikl for calculating the perturbed displacements are listed in the Appendix. Similarly, Eq. (5) can be solved by using 2D DC-FFT after discretization. Note that the surface-perturbed displacements are calculated by employing the eigenstrains layer by layer in the depth direction. For contact involving friction, Eq. (2) is divided into two parts in the present numerical implementation, (1) Normal response of the contact expressed by the following displacement relationship: Substituting Eqs. (3) and (5) into Eq. (6) results in the following:
The pressure and gap obey the following boundary conditions:
pðx; yÞ ! 0; gðx; yÞ ¼ 0 ðx; yÞ 2 I c pðx; yÞ ¼ 0; gðx; yÞ ! 0 ðx; yÞ 6 2 I c
Normal load balance :
where I c denotes contact regions.
(2) Tangential response of the contact expressed by the following displacement relationship:
Substituting Eqs. (3) and (5) (11) where I stick and I slip are the stick and slip regions, respectively. The arrow above q or s indicates vector. In the contact of homogeneous materials, displacementsũ x ,ũ y , andũ z are zero. Pressure p can be obtained from solving Eq. (7) with the constraints given in Eq. (8) by employing the FFT method and the conjugate gradient method (CGM) [40] [41] [42] . Similarly, shear tractions q x and q y can be obtained from solving Eq. (10) with the constraints given in Eq. (11) [16] [17] [18] [19] [20] [21] [22] [23] [24] . Mutual dependence of shear tractions and pressure in the contact of dissimilar materials requires an iterative solution approach; readers are referred to Refs. [16] , [18] , and [23] for more details.
For the contact of inhomogeneous materials, the challenge is to solve for the perturbed displacementsũ x ,ũ y , andũ z . Eshelby [31] indicated that an inhomogeneity can be replaced by an inclusion together with properly chosen eigenstrains, and this approach is called the equivalent inclusion method (EIM).
The stress field in the half space can be expressed as
where C ijkl and C Ã ijkl denote the elastic moduli of the half space (D-X) and inhomogeneity (X), respectively; e 0 kl is the homogeneous (i.e., in the absence of material inhomogeneity) strain solution caused by surface pressure and shear tractions;ẽ kl is the perturbed strain caused by the inhomogeneity; and e Ã kl is the equivalent eigenstrain to be determined. Equation (12a) can also be expressed as follows:
This result is substituted into Eq. (12a), On the other hand, the stress can be written as the sum of homogeneous contact stress, r 0 ij , due to pressure and shear tractions and eigenstress, r Ã ij , due to the eigenstrain, i.e., are influence coefficients; the explicit expressions of these predetermined influence coefficients can be found in Refs. [37] and [43] . Substituting Eq. (15) into Eq. (14) and collecting terms yield the following:
Furthermore, the eigenstress, r Ã ij , due to the eigenstrain in the half space can be expressed by [36] 
where vectors H ij are the combinations of potentials [36] ; d ij is the Kronecker d; and l and are shear modulus and Poisson's ratio, respectively. In the present numerical simulation, the half space is meshed into a number of identically sized cuboids, each having uniform eigenstrains. After discretization, Eq. (17) can be rewritten as the summation of cuboidal contributions,
where
ijkl , and T
ijkl are the influence coefficients relating eigenstrain to eigenstress. Equation (18) includes convolution (the first term) and convolution-correlation combination (the remaining three) terms. When solving the multiple cuboidal eigenstrain problem, one can conduct 3D DC-FFT for the first term and combine 3D DC-FFT in the x-and y-directions and discrete-correlation and fast Fourier transform (DCR-FFT) in the z direction for the others. More details on the influence 
ijkl are available in Appendix A2 in Ref. [36] . Moreover, the explicit expression of T ð0Þ ijkl is listed in Appendix A in Ref. [37] . It is worth mentioning that, for a cuboidal inclusion with uniform eigenstrains inside, the internal stresses in X and external stresses outside X can be expressed by the same equation.
Here, notation A is used for the influence coefficients relating eigenstrains to eigenstresses and symbol "" for an operator to represent convolution and correlation-convolution. Then, Eq. (18) can be expressed in a simplified form,
Submitting Eq. (19) into Eq. (16) leads to
Equation (20) is a set of linear equations with unknown equivalent eigenstrain e Ã ; it can be solved by using the CGM [38, 39] for e Ã . Once the equivalent eigenstrains are determined, the perturbed displacements,ũ x ,ũ y , andũ z , can be obtained through Eq. (5).
The flow chart for the numerical process is plotted in Fig. 2 . Fig. 8 Streamlines of surface shear vectors on the material with an inhomogeneity of different E 2 (the center of the inhomogeneity is located at (0, 0, a) and the lengths in all directions are kept to be a, while the tangential force, F x , varies from 0 to
of e Ã ij ¼ a ij T in the cuboidal region, where a ij is the linear thermal expansion coefficient and T a unit temperature change. Figure 3 shows the surface displacements along target lines y ¼ 0 and y ¼ 0.5, parallel to the x-axis. As shown by Fig. 3 , the analytical solutions are in good agreement with those from the FEM.
Frictionless Contact Involving Inhomogeneity.
Model validation was further conducted by comparison of the results of a frictionless contact of a rigid sphere pressed against a half space containing a cuboidal inhomogeneity obtained with the current method with those by the FEM employing ABAQUS v6.5. The sphere radius is 20 mm, the cuboidal inhomogeneity is centered at (0, 0, 2 mm), and all edge lengths are 2 mm. The elastic properties for the half space are Young's modulus E 1 ¼ 210 GPa and Poisson's ratio 1 ¼ 0.3; those for the inhomogeneity are Young's modulus E 2 ¼ 420 GPa and Poisson's ratio 2 ¼ 0.3. The normal load, W, is 15,385 N, corresponding to the maximum Hertzian pressure p h ¼ 7345.67 MPa and contact radius a ¼ 1 mm for the corresponding homogeneous contact. In the following analysis, the pressure (or stresses) and displacements are normalized, respectively, by the maximum Hertzian pressure, p h , and the contact radius, a, from the corresponding homogeneous contact case. Figure 4 (a) shows dimensionless stresses along the contact axis. The von Mises stress undergoes a jump across the inhomogeneitymatrix interface caused by property mismatch. Figure 4(b) shows the dimensionless surface displacements along the x-axis. Good agreement is observed; however, the computational speed of the present method is faster. A personal computer with 2.5 GHz and i5 central processing unit was used to calculate these cases: 128 Â 128 Â 64 cuboidal elements in the present method ran for about 100 min; however, with the FEM package, 56 Â 56 Â 44 elements took about 15 h of computation.
Note that, with the present method, the inhomogeneities are represented by inclusions with proper eigenstrains, and in this case, the calculated eigenstrains in the y ¼ 0 plane are shown in 
Partial Slip Investigation for Inhomogeneous Materials
The partial-slip contact between an elastic sphere and a half space having a cuboidal inhomogeneity, shown in Fig. 1 , is investigated in this section. The contact center is located at the origin of the coordinates, and the cuboidal inhomogeneity with sides of equal length c is centered at (d, 0, h). The half space has identical elastic properties as the elastic sphere (i.e., Young's modulus E 1 and Poisson's ratio 1 ), while the inhomogeneity has Young's modulus E 2 and Poisson's ratio 2 . Frictional contact is considered by assuming a contact interface friction coefficient, l f , which has a constant value in all contact regions. Normal load W and tangential load F x are applied to the elastic sphere, where the tangential load is insufficient to cause macroscopic sliding (i.e.,F x < l f W). The material parameters and contact conditions are listed in Table 1 . The simulation domain is (À2 a, 2 a) Â (À2 a, 2 a) Â (0, 3 a) along the x, y, and z directions and is discretized uniformly into 128 Â 128 Â 64 cuboids. In the following, parameter studies are performed for different sizes of cuboidal inhomogeneities at different locations. Note that the shear tractions are the same in magnitude but opposite in direction on 
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Smooth Contact
Parameter Study: Effect of d. When studying the effects of the inhomogeneity location, depth h and lengths in all directions are kept to be a, while parameter d (horizontal displacement between contact axis and center of the inhomogeneity) varies from Àa to a. Figure 7 plots the dimensionless surface shear traction q x /p h along the x-axis for the cases of E 2 ¼ 2E 1 (Fig. 7(a) ) and E 2 ¼ 0.5E 1 (Fig. 7(b) ) with varying d (i.e., Àa, 0, a). The shear tractions are not symmetric with respect to the y-axis, due to the influence of the inhomogeneity. Under zero tangential load F x ¼ 0, slip occurs at the left side of the contact region for both cases of E 2 ¼ 2E 1 and E 2 ¼ 0.5E 1 when d ¼ Àa; slip occurs at the contact edges and q x is antisymmetric with respect to the y-axis when d ¼ 0; and the slip changes to the right side when d ¼ a. For the case of d ¼ 0, the stiff inhomogeneity (i.e., E 2 ¼ 2E 1 ) increases the shear traction in the left contact region and decreases it in the right region, while for the compliant inhomogeneity (i.e., E 2 ¼ 0.5E 1 ), this tendency is reversed.
It is interesting to note the contact behavior when the center of inhomogeneity is located at (0, 0, a). Figure 8 draws the streamlines of the shear vectors due to different tangential loads. For the stiff inhomogeneity (Fig. 8(a) ), shear vectors are radial and point toward the center when F x ¼ 0, while the direction is reversed for the compliant inhomogeneity (Fig. 8(b) ). Furthermore, as the tangential load F x increases, shear vectors move toward the direction of the tangential load. Figure 9 shows dimensionless surface displacements along the x-axis with a fixed tangential load F x ¼ 0.9l f W. Likewise, the slip regions are not symmetric with respect to the y-axis, due to the influence of the inhomogeneity. For the stiff inhomogeneity case (Fig. 9(a) ), the maximum slip occurs at the trailing edge of the contact and a negativeũ x can be observed, while for compliant inhomogeneity case (Fig. 9(b) ), these phenomena are reversed. The contour plots of dimensionless von Mises stresses in the plane y ¼ 0 are shown in Fig. 10 . The maximum von Mises stress is found at the inhomogeneity-matrix interface closer to the stiff inhomogeneity ( Fig. 10(a) ), while for the compliant inhomogeneity case (Fig. 10(b) ), stress concentrations can be observed at the top corners of the inhomogeneity. The coupled effects of pressure and shear tractions make the stress distributions complex.
Parameter Study: Effect of h. In this section, the center of the inhomogeneity is always located at the z-axis, and the size of the cuboidal inhomogeneity equals a Â a Â a, while the depth, h, is changed. Figure 11 plots dimensionless shear traction q x /a along the x-axis for the cases of E 2 ¼ 2E 1 (Fig. 11(a) ) and E 2 ¼ 0.5E 1 (Fig. 11(b) ) with two different depths, h ¼ 0.5 a and h ¼ 2 a. When h ¼ 0.5 a, the inhomogeneity touches the contact surface. Dramatic changes of the shear tractions are found around the inhomogeneity-matrix interfaces. When F x ¼ 0, the shear traction, q x , is antisymmetric with respect to the y-axis and the maximum q x is observed in the left inhomogeneity-matrix interface for the stiff inhomogeneity case (Fig. 11(a) ), while for the compliant inhomogeneity case (Fig. 11(b) ), the maximum value is found at the right inhomogeneity-matrix interface. As the tangential load increases, the negative part of q x decreases. When the depth of inhomogeneity reaches the value 2 a, the shear tractions are little disturbed by the inhomogeneity.
The case of the inhomogeneity touching the contact surface (i.e., h ¼ 0.5 a) is further investigated. Figure 12 shows the stick and slip regions under different tangential loads. For the stiff inhomogeneity case (Fig. 12(a) ), when F x ¼ 0.3l f W, the slip regions lie at the contact edge and the left inhomogeneity-matrix interface, which are two unconnected regions separated by the stick region. As F x increases, slip regions increase and become connected and the stick region moves to the right side of the contact area. For the compliant inhomogeneity case (Fig. 12(b) ), two unconnected slip regions are found at the contact edge and right inhomogeneity-matrix interface when F x ¼ 0.3l f W; however, when F x ¼ 0.6l f W, slip can be captured at several inhomogeneity- Fig. 16 Dimensionless shear traction q x /p h along the x-axis for the material with a layer of different E 2 (the layer thickness is kept to be a, and three types of layers, defined by the center plane of the layer overlapping with the plane of z 5 0.5 a, z 5 1.5 a, and x 5 0, respectively, are analyzed for various value of the tangential force, F x ). (a) E 2 5 2E 1 , (b) E 2 5 0.5E 1 . matrix interfaces. Furthermore, when F x ¼ 0.9l f W, the slip regions become connected and the stick region moves to the left side of the contact area. Figure 13 shows the contour plots of dimensionless von Mises stresses in plane y ¼ 0 for under the tangential load of F x ¼ 0.9l f W. A large von Mises stress is found at the right inhomogeneity-matrix interface towards the stiff inhomogeneity ( Fig. 13(a) ), while for the compliant inhomogeneity case (Fig. 13(b) ), the von Mises stress exhibits high values in both the left and right inhomogeneity-matrix interfaces.
Parameter Study: Effect of c. In this section, the center of the cuboidal inhomogeneity is fixed at point (0, 0, a), while all sides of the cuboid have the same length, c, varying from 0.5 a to 2 a. Figure 14 plots the dimensionless pressure p h /a along the x-axis when the tangential load F x ¼ 0. For the stiff inhomogeneity case ( Fig. 14(a) ), as length c increases, the maximum pressure increases while the contact area decreases. This trend reverses for the case of the compliant inhomogeneity case (Fig. 14(b) ). When c ¼ 2 a (i.e., the inhomogeneity touches the contact surface), the compliant inhomogeneity makes the left and right inhomogeneitymatrix interfaces involved in the contact, and a pressure "step" appears at such interfaces. Figure 15 plots the dimensionless shear tractions q x /a along the x-axis for two different sizes, c ¼ 0.5 a and c ¼ 2 a. Again, steps emerge at the inhomogeneity-matrix interfaces for the compliant inhomogeneity case when c ¼ 2 a.
Note that the computational region is meshed into cuboidal elements of the same size; each cuboid is assumed to have uniform eigenstrains. Further, surface tractions for each rectangular patch are treated as constant. The stresses at the cuboidal centers are determined. There may have stress singularity at the corner points between the inhomogeneity and the half space. However, the stresses at cuboidal centers have no singularity. We can approach the singularity value at corner points using denser grids.
Further Discussion on Several Extreme
Cases. Layered materials can be investigated by considering infinite extensions of the height, width, or length of a cuboidal inhomogeneity. The following study addresses the contact of a layered material with the layer treated as an inhomogeneity. The layer thickness is kept at a constant value of a. Three types of layers (i.e., the center plane of the layer overlapping with the plane of z ¼ 0.5 a, z ¼ 1.5 a, and x ¼ 0) are modeled. In order to obtain a more accurate description of an infinite layer, the simulation domain is extended to (-4 a, 4 a) Â (-4 a, 4 a) Â (0, 3 a) along the x, y, and z directions, respectively. The material properties outside the simulation domain are treated as homogeneous with the same elastic properties as half space. According to the results of a previous article [38] , the domain size is large enough to avoid the influence from outside of the computation domain. Figure 16 plots the dimensionless shear tractions q x /p h along the x-axis. For the surface layer case, the results are similar as those obtained by using the Papkovich-Neuber potentials method (see Fig. 4 in Ref. [24] ). When the center plane of the layer lies in the plane of x ¼ 0, the interfaces of the layer and half space are brought in the contact region. The shear traction changes dramatically when it crosses these interfaces. Furthermore, the contour plots of dimensionless von Mises stresses in the plane of y ¼ 0 under the tangential load of F x ¼ 0.9l f W are shown in Fig. 17 . Similarly, discontinuous stress behaviors are observed at the material interfaces.
Conclusions
A fast and novel model for the partial slip contact involving inhomogeneous materials has been developed based on the equivalent inclusion method and newly derived analytical eigenfield solutions [36] . The model was verified and efficiency demonstrated by benchmarking the results from a frictionless contact with those obtained with an FEM package. Parametric studies were performed for the effects of geometry and material properties of cuboidal inhomogeneities. The following conclusions can be drawn:
(1) The contact behavior is strongly influenced by the inhomogeneity when it is close to the contact center and has a large size. Discontinuous von Mises stresses appear at the inhomogeneity-matrix interfaces. For the numerical approach presented in this paper, the computational domain is divided into a number of elementary cuboids. The sides of the cuboid have length 2Dx, 2Dy, and 2Dz, respectively, in the x, y, and z directions, and each cuboid has a uniform eigenstrain. M, N, and L are the numbers of elements along the x, y, and z directions, respectively. After discretization, the displacements summarizing the cuboid contributions can be written as 
